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We report on the thermal effects on the motion of current-driven massive magnetic skyrmions. The reduced
equation for the motion of skyrmion has the form of a stochastic generalized Thiele’s equation. We propose an
ansatz for the magnetization texture of a non-rigid single skyrmion that depends linearly with the velocity. By
utilizing this ansatz it is found that the mass of skyrmion is closely related to intrinsic skyrmion parameters,
such as Gilbert damping, skyrmion-charge and dissipative force. We have found an exact expression for the
average drift velocity as well as the mean-square velocity of the skyrmion. The longitudinal and transverse
mobility of skyrmions for small spin-velocity of electrons is also determined and found to be independent of
the skyrmion mass.
Introduction.- Skyrmions have recently been the focus
of intense research in spintronics. They are vortex-like
spin structures that are topologically protected1,2. A
series of works report their recent observation in chi-
ral magnets3–8. There is a great interest in their dy-
namics due to the potential applications in spintronics
that arise from the rather low current densities that
are necessary to manipulate their location9. Among
other systems that have been reported hosting skyrmion
textures they were observed in bulk magnets MnSi3,4,
Fe1−xCoxSi5,6,10, Mn1−xFexGe11 and FeGe12 by means
of neutron scattering and Lorentz transmission elec-
tron microscopy. Regarding their dimensions, by the
proper tuning of external magnetic fields, sizes of the
order of a few tens of nanometers have been reported.
Spin transfer torques can be used to manipulate and
even create isolated skyrmions in thin films as shown
by numerical simulations13–15. In thin films skyrmions
have been observed at low temperatures, however en-
ergy estimates predict the stability of isolated skyrmions
even at room temperatures16. Under that regime the
motion of skyrmions is affected by fluctuating thermal
torques that will render their trajectories into stochastic
paths very much like the Brownian dynamics of a par-
ticle. Proper understanding of such brownian motion is
a very important aspect of skyrmion dynamics. Numer-
ical simulations17,18 and experimental results19, suggest
that the skyrmion position can be manipulated by expo-
sure to a thermal gradient and that the skyrmions also
display a thermal creep motion in a pinning potential20.
The thermally activated motion of pinned skyrmions has
been studied in Ref. [21] where it has been reported that
thermal torques can increase the mobility of skyrmions
by several orders of magnitude. In this work we present
a study of the random motion of magnetic skyrmions
arising from thermal fluctuations. In our analysis we in-
clude an assessment of the deformation of the skyrmion
that arises from its motion. This deformation induces an
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inertia-like term into the effective stochastic dynamics of
the skyrmion. We present a theory that allows us to es-
tablish a relation between the fluctuating trajectory of
the skyrmion and its effective mass.
Stochastic dynamics.- We begin our analysis from the
stochastic Landau-Lifschitz-Gilbert (LLG) equation22,23
that rules the dynamics of the magnetization direction
Ω. Into this equation we need to include the adiabatic,
given by −vs ·∇Ω, and non-adiabatic, given by βvs ·∇Ω,
spin-transfer torques24,25 where the strength of the non-
adiabatic spin-transfer torque is characterized by the pa-
rameter β. In those expressions vs = −
(
pa3/2eM
)
j
stands for the spin-velocity of the conduction electrons,
p is the spin polarization of the electric current density
j, e(> 0) the elementary charge, a the lattice constant,
and M the magnetization saturation. With those contri-
butions the stochastic Landau-Lifshitz-Gilbert equation
becomes:(
∂
∂t
+ vs · ∇
)
Ω = Ω× (Heff + h)
+ αΩ×
(
∂
∂t
+
β
α
vs · ∇
)
Ω, (1)
where Heff = 1~
δE
δΩ is the effective field, with E represent-
ing the energy of the system, and α the Gilbert damping
constant. An important aspect of this equation is the in-
clusion of the white Gaussian fluctuating magnetic field
h, describing the thermal agitation of the magnetization
and obeying the fluctuation-dissipation theorem22. The
strength of the noise, σ = 2αkBTa2/~, is proportional to
the thermal energy kBT , the Gilbert damping parameter
α, and the volume of the finite element grid a2.
Particle like solutions of the Landau-Lifshitz-Gilbert
equation, that represent compact magnetic textures mov-
ing as coherent entities with a well defined velocity, have
known since long ago. Among other examples we can
found the dynamics of domain walls27,28 and of Bloch
points29,30. The account of the dynamics of skyrmion
textures is best handled by the use of the collective
coordinates approach. Under this framework the com-
plex dynamics of the magnetization texture, Ω(r, t) is
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2reduced to the evolution of a small number of degrees
of freedom given by the skyrmion position and its ve-
locity. In this way the magnetization field associated
to a single-skyrmion moving along the trajectory x(t)
is represented by a magnetization profile Ω(r, t) = Ω(r−
x(t),v(t)). The explicit time-dependence of the magne-
tization, coming from the dependence on velocity v(t),
includes the effects of deformations of the skyrmion31–33.
The calculation for the static skyrmion profile, Ω0(r),
has been addressed elsewhere34, by means of a minimiza-
tion of the magnetic energy. In this energy the contribu-
tions from the exchange, perpendicular anisotropy, and
Dzyaloshinskii-Moriya energies must be included. Re-
placement of the collective coordinates ansatz and inte-
gration over space reduce the LLG equation to an equa-
tion of motion for the collective variables. This equation
has the form of a stochastic massive Thiele’s equation
Mv˙(t)− gzˆ × v(t) + αDv(t) = F + η(t). (2)
Neglecting the contribution of the noise term (η(t))
Eq. (2) turns into the generalized Thiele’s equation35.
We highlight the inertial terms, quantified by the effec-
tive mass, that correspond to a matrixMij = Mij+M¯ij ,
comprised by the elements Mij =
∫
dr Ω · ( ∂Ω∂xi × ∂Ω∂vj ),
arising from the conservative dynamics, and M¯ij =
α
∫
dr
(
∂Ω
∂xi · ∂Ω∂vj
)
arising from the dissipative contribu-
tion to the Landau-Lifshitz-Gilbert equation. The second
term in Eq. (2) describes the Magnus force4 exerted by
the magnetic texture on the moving skyrmion. In the
case of an isolated skyrmion g = 4piW where W = −1
stands for the winding number, or skyrmion charge. The
third contribution represents the dissipative force which
is defined through the relation Dij =
∫
dr ∂Ω∂xi · ∂Ω∂xj , that
becomes Dij = Dδij in the case of the highly symmetrical
case of an isolated skyrmion.
The dynamics of the skyrmion in Eq. (2) is forced
by a deterministic term F = −gzˆ × vs + βDvs −∇V ,
that contains a contribution from the flowing electrons
and a force arising from a potential V [x] that reflects
the inhomogeneities in the skyrmion‘s path, e.g., mag-
netic impurities, local anisotropies or geometric defects.
We conclude with the last term of right-hand side of Eq.
(2), that describes the fluctuating force on the skyrmion.
The strength of the Gaussian white noise turns out to
be σD, therefore the effective diffusion constant of the
skyrmion depends not only on the Gilbert damping and
the temperature but also on the dissipative parameter
D. By solving the stochastic Thiele equation Eq. (2),
for the homogenous case (V [x] = 0), we determine the
time evolution of both longitudinal and transverse com-
ponents of the velocity of the fluctuating skyrmion (as
shown in Fig. 1 (a) and (b) respectively) at temperature
T = 100 K. Typical skyrmion speeds of ∼ 0− 1 m/s are
reached for spin-velocities on the order of 1 m/s. The
massive skyrmion dynamics was calculated for a Gilbert-
damping parameter α = 0.1, the β parameter β = 0.5α,
the dissipative force D = 5.577pi (from Ref. [13]), and
where the values used for the mass are taken from Ref.
[36]. Moreover, it is numerically solved the mean drift
velocity, i.e., the steady-state current-induced skyrmion
motion, which is displayed in Fig. 1 (c) as a function
of the spin-velocity vs = vsxˆ of electrons. In addition,
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FIG. 1. Fluctuating skyrmion velocities in the longitudinal
and transverse directions, (a) and (b) respectively. The Brow-
nian dynamics Eq. (2) is solved for a spin velocity of electrons
vs = 1 m/s along x direction and for a characteristic time
scale t0 = Mxx ≈ 6 ns (from Ref. [36]). In (c) the average
velocities is presented as function of spin-velocity vs = vsxˆ,
both the longitudinal (black line) and transverse (dashed line)
components. The results are shown for a Gilbert damping
α = 0.1, β = 0.5α, and at temperature 100 K.
we are interested in the probability distribution P [x,v; t]
associated to the skyrmion dynamics, which is defined as
the probability density that a skyrmion at time t, is in
the position x with a velocity v. The equation of motion
satisfied by such distribution is known as Fokker-Planck
equation and its derivation, as well as its solution in sim-
ple cases, constitutes a standard issue in the analysis of
stochastic processes37.
Origin of the skyrmion mass.- The Brownian skyrmion
motion described by Eq. (2) contains as a main ingre-
dient the inertia term, regarding to Ref. [21], which is
quantified by the effective mass matrix M. Generally
speaking, it is linked to the explicit time-dependence of
the magnetization direction. The mass of skyrmions can
be determined perturbatively in linear response theory as
follows. In the skyrmion center of mass reference frame
we see that the magnetization in Eq. (1) is affected by an
additional magnetic field δH(r) = Ω(r) × (v · ∇)Ω(r).
We note that the strength of the effective field is con-
fined within the perimeter of the skyrmion. However,
the effective torque takes a maximum value in the center
of skyrmion and thus, it suffers a distortion of its shape
due to the current-induced motion. This motivates us to
propose an ansatz for the magnetization texture of a non-
rigid single skyrmion and its dependence on the velocity
as
Ω(r,v) = Ω0(r) + λ ξ Ω0(r)× (v · ∇)Ω0(r), (3)
with Ω0 corresponds to the static and rigid skyrmion tex-
ture. The deformation of skyrmion size is parameterized
3by the second term, where λ is the dimensionless param-
eter that determines the strength of the velocity induced
deformations. In this expression ξ = ~l2sk/Ja2 with J
the exchange constant, a the lattice constant and lsk the
characteristic skyrmion size. It is worth noting that this
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FIG. 2. Top: Pictorial representation of the skyrmion mag-
netic texture. The color encodes the out of plane component
of the magnetization. It changes from being fully aling with
the +zˆ direction in the center to a complete alignment with
the opposite direction in the outer rim. The arrows represent
the behavior of the in plane component of the magnetiza-
tion. For the case displayed those components swirl like a
vortex. Bottom: Schematic plot for the skyrmion distortion
generated by the motion of the skyrmion. In color we have
represented the out of plane component of the deformation
δΩz. This contribution is concentrated in the direction trans-
verse to the motion nearby the perimeter of the skyrmion
(indicated by a dashed line). The arrows correspond to the
in plane (δΩx, δΩy).
contribution is linear in velocity and conserves the norm
of the magnetization to leading order in λ. In Fig. 2
we present schematically the distortion of skyrmions ex-
erted by the effective field δH. However, without loss of
generality, we assume a motion of the skyrmion along x
direction. The deformation in the skyrmion texture con-
sists of an in plane distortion, that resembles a dipolar
field, and an out of plane contribution that is antisym-
metric. The nature of the mass of skyrmions can be
traced back by using the ansatz given by Eq. (3). By
replacing it on the expressions forM up to linear order
in λ, we find that the mass is related both to the dissipa-
tive matrix and gyrotropic tensor byMxx =Myy = λξD
andMxy = −Myx = λξαg. We see how the dissipation
mechanisms encoded by the Gilbert damping α generate
an anti symmetrical contribution to the mass. By com-
paring our results for Mxx with earlier theoretical31,32
and experimental36 estimates of the skyrmion mass we
obtain λ ∼ 0.01. In this case we obtain, using a typical
skyrmion velocity of 1 m/s in Eq. (3), a characteristic
strength of the deformation of the skyrmion in the range
of |δΩ| ∼ 10−3.
Skyrmion mobility.- The skyrmion dynamics is induced
by an electric current density via spin-transfer torque
mechanism. As mentioned previously, the flow of elec-
trons exerts a force F that drives the skyrmion and its re-
sponse is described by the stochastic generalized Thiele’s
equation21. Next, we discuss the role of mass in the dy-
namics of skyrmions induced by currents at finite tem-
perature. The probability distribution for the velocity
of the skyrmion can be readily found for V (x) = 0 by
solving the associated Fokker-Planck equation, P [v] =
N exp (− 12γ(v − v¯)2), where γ = λξα(g2 +D2)/σD and
v¯ = µ‖vs + µ⊥zˆ × vs. In this equation µ‖ = (g2 +
αβD2)/(g2 + α2D2) and µ⊥ = −(α− β)gD/(g2 + α2D2)
are the longitudinal and transverse skyrmion mobilities
respectively. We are interested in the average drift veloc-
ity, which is determined directly from the probability dis-
tribution as 〈vi〉 = v¯i. Another relevant quantity as the
mean-squared velocity is evaluated directly, and is found
to obey 〈vivj〉−〈vi〉〈vj〉 = σD
(
λξα
(
g2 +D2))−1 δij that
relates the fluctuations on the velocity in terms of tem-
perature and the skyrmion mass. The mean drift ve-
locity scales linearly with the spin-velocity of electrons
and, unlike the current-induced domain wall dynamics28,
skyrmions do not exhibit an intrinsic pinning13,14. Note
that these values for the spin-velocities correspond to
electric current densities on the order of 1010 A/m2. As
we analytically show, the average velocity of the free
skyrmion is independent of the mass. However, it is re-
lated only on intrinsic parameters, such as Gilbert damp-
ing, skyrmion-charge, and dissipative force. Following
our results, a detailed characterization of the strength of
velocity fluctuations can be used to determine the values
of the skyrmion mass.
Conclusions.- We have investigated the mechanisms by
which thermal fluctuations influence the current-driven
massive skyrmion dynamics. Based on the stochas-
tic Landau-Lifschitz-Gilbert equation we derived the
Langevin equation for the skyrmion. The equation has
the form of a stochastic generalized Thiele’s equation that
describes the massive dynamics of a single-skyrmion at
finite temperature. We proposed an ansatz for the mag-
netization texture of a non-rigid single skyrmion that de-
pends linearly with the velocity. This ansatz has been
derived based upon an effective field that distorts the
skyrmion texture. In particular, it implies that the de-
formation of the skyrmion shape consists of an in plane
distortion and an out of plane contribution that is an-
4tisymmetric. Furthermore, by utilizing this ansatz it is
found that the mass of skyrmion is related with intrinsic
parameters, such as Gilbert damping, skyrmion-charge,
and dissipative force. This simple results provides a path
for a theoretical calculation of the skyrmion mass. We
have found an exact expression for the average drift veloc-
ity as well as the mean-square velocity of the skyrmion.
The longitudinal and transverse mobilities of skyrmions
for small spin-velocity of electrons were also determined.
We showed that the average velocity of skyrmions, unlike
the mean-square velocity, is independent of the mass and
it varies linearly with the spin-velocity. In future work,
we plan to use the formalism developed in this work to
the study of the transport of massive skyrmions in disor-
dered media.
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